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Introduction
The geometry of the almost contact manifolds with Norden metric (B-metric) is a natural extension of the geometry of the almost complex manifolds with Norden metric [2] in the case of an odd dimension. A classification of the almost contact manifolds with Norden metric consisting of eleven basic classes is introduced in [3] .
An important problem in the geometry of the manifolds equipped with an additional tensor structure and a compatible metric is the study of linear connections preserving the structures of the manifold. One such connection on an almost contact manifold with Norden metric, namely the canonical connection, is considered in [1, 4] .
In the present work we construct families of linear connections on an almost contact manifold with Norden metric, which preserve by covariant differentiation some or all of the structural tensors of the manifold. We obtain a symmetric connection on a normal almost contact manifold with Norden metric, which can be considered as an analogue to the well-known Yano connection [6, 7] .
Preliminaries
Let (M, ϕ, ξ, η, g) be a (2n + 1)-dimensional almost contact manifold with Norden metric, i.e. (ϕ, ξ, η) is an almost contact structure: ϕ is an endomorphism of the tangent bundle of M , ξ is a vector field, η is its dual 1-form, and g is a pseudo-Riemannian metric, called a Norden metric (or a B-metric), such that
for all x, y ∈ X(M ).
The associated metricg of g is defined byg(x, y) = g(x, ϕy)+η(x)η(y) and is a Norden metric, too. Both metrics are necessarily of signature (n + 1, n).
Further, x, y, z, u will stand for arbitrary vector fields in X(M ). Let ∇ be the Levi-Civita connection of g. The fundamental tensor F is defined by
and has the following properties
Equalities (1.3) and ϕξ = 0 imply F (x, ξ, ξ) = 0. Let {e i , ξ}, (i = 1, 2, ..., 2n) be a basis of the tangent space T p M at an arbitrary point p of M , and g ij be the components of the inverse matrix of (g ij ) with respect to {e i , ξ}.
The following 1-forms are associated with F :
A classification of the almost contact manifolds with Norden metric is introduced in [3] . Eleven basic classes F i (i = 1, 2, ..., 11) are characterized there according to the properties of F .
The Nijenhuis tensor N of the almost contact structure (ϕ, ξ, η) is defined in [5] 
The almost contact structure in said to be integrable if N = 0. In this case the almost contact manifold is called normal [5] .
In terms of the covariant derivatives of ϕ and η the tensor N is expressed by
where (∇ x η)y = F (x, ϕy, ξ). Then, according to (1.2), the corresponding tensor of type (0,3), defined by N (x, y, z) = g(N (x, y), z), has the form
The condition N = 0 and (1.4) imply
The 1-form η is said to be closed if dη = 0, i.e. if (∇ x η)y = (∇ y η)x. The class of the almost contact manifolds with Norden metric satisfying the conditions N = 0 and dη = 0 is
Analogously to [2] , we define an associated tensor N of N by
The curvature tensor R of ∇ is defined as usually by
and its corresponding tensor of type (0,4) is given by R(x, y, z, u) = g(R(x, y)z, u). A tensor L of type (0,4) is said to be curvature-like if it has the properties of
(first Bianchi identity), where S is the cyclic sum by three arguments.
A curvature-like tensor L is called a ϕ-Kähler-type tensor if L(x, y, ϕz, ϕu) = −L(x, y, z, u).
Connections on almost contact manifolds with Norden metric
Let ∇ ′ be a linear connection with deformation tensor Q, i.e. ∇ ′ x y = ∇ x y + Q(x, y). If we denote Q(x, y, z) = g(Q(x, y), z), then
Definition 2.1. A linear connection ∇ ′ on an almost contact manifold is called an almost ϕ-connection if ϕ is parallel with respect to ∇ ′ , i.e. if ∇ ′ ϕ = 0.
Because of (1.2), equality (2.1) and ∇ ′ ϕ = 0 imply the condition for Q (2.2) F (x, y, z) = Q(x, y, ϕz) − Q(x, ϕy, z).
Theorem 2.1. On an almost contact manifold with Norden metric there exists a 10-parametric family of almost ϕ-connections ∇ ′ of the form (2.1) with deformation tensor Q given by
Proof. The proof of the statement follows from (2.2), (2.3) and (1.3) by direct verification that ∇ ′ ϕ = 0 for all t i .
Let N = dη = 0. By (1.4), (1.5) from Theorem 2.1 we obtain Corollary 2.1. Let (M, ϕ, ξ, η, g) be a F 1 ⊕F 2 ⊕F 4 ⊕F 5 ⊕F 6 -manifold. Then, the deformation tensor Q of the almost ϕ-connections ∇ ′ defined by (2.1) and (2.3) has the form
where s 1 = t 1 +t 2 , s 2 = t 3 +t 4 , s 3 = 2(t 5 +t 6 )−t 3 −t 4 , s 4 = −t 1 −t 2 −2(t 7 +t 8 ).
Definition 2.2.
A linear connection ∇ ′ is said to be almost contact if the almost contact structure (ϕ, ξ, η) is parallel with respect to it, i.e. if
Then, in addition to the condition (2.2), for the deformation tensor Q of an almost contact connection given by (2.1) we also have (2.5)
F (x, ϕy, ξ) = Q(x, y, ξ) = −Q(x, ξ, y).
Definition 2.3.
A linear connection on an almost contact manifold with Norden metric (M, ϕ, ξ, η, g) is said to be natural if
The condition ∇ ′ g = 0 and (2.1) yield (2.6) Q(x, y, z) = −Q(x, z, y).
From (1.6) and (2.3) we compute (2.7)
Q(x, y, z) + Q(x, z, y) =
+2{t 9 ω(x) + t 10 ω(ϕx)}η(y)η(z).
By (2.1), (2.3), (2.5), (2.6) and (2.7) we prove the following Proposition 2.1. Let (M, ϕ, ξ, η, g) be an almost contact manifold with Norden metric, and let ∇ ′ be the 10-parametric family of almost ϕ-connections defined by (2.1) and (2.3). Then (i) ∇ ′ are almost contact iff t 1 + t 2 − t 9 = t 3 + t 4 − t 10 = 0;
(ii) ∇ ′ are natural iff t 1 + t 2 = t 3 + t 4 = t 5 + t 6 = t 7 + t 8 = t 9 = t 10 = 0.
Taking into account equation (1.4), Theorem 2.1, Proposition 2.1, and by putting p 1 = t 1 = −t 2 , p 2 = t 3 = −t 4 , p 3 = t 5 = −t 6 , p 4 = t 7 = −t 8 , we obtain Theorem 2.2. On an almost contact manifold with Norden metric there exists a 4-parametric family of natural connections ∇ ′′ defined by
Since N = 0 on a normal almost contact manifold with Norden metric, the family ∇ ′′ consists of a unique natural connection on such manifolds (2.8)
which is the well-known canonical connection [1] . Because of Proposition 2.1, (2.7) and the condition N = 0, the connections ∇ ′ given by (2.1) and (2.3) are natural on a F 3 ⊕ F 7 -manifold iff t 1 = −t 2 and
. Then, N = dη = 0 and hence the torsion tensor T of the 4-parametric family of almost ϕ-connections ∇ ′ defined by (2.1) and (2.4) has the form (2.9) 4 . By this way we prove Theorem 2.3. On a F 1 ⊕F 2 ⊕F 4 ⊕F 5 ⊕F 6 -manifold there exists a symmetric almost ϕ-connection ∇ ′ defined by
Let us remark that the connection (2.10) can be considered as an analogous connection to the well-known Yano connection [6, 7] on a normal almost contact manifold with Norden metric and closed 1-form η.
Connections on F 4 ⊕ F 5 -manifolds
In this section we study the curvature properties of the 4-parametric family of almost ϕ-connections ∇ ′ given by (2.1) and (2.4) on two of the basic classes normal almost contact manifolds with Norden metric, namely the classes F 4 and F 5 . These classes are defined in [3] by the following characteristic conditions for F , respectively:
2n {g(ϕx, ϕy)η(z) + g(ϕx, ϕz)η(y)},
The subclasses of F 4 and F 5 with closed 1-form θ and θ * , respectively, are denoted by F 0 4 and F 0 5 . Then, it is easy to prove that on a F 0 4 ⊕ F 0 5 -manifold it is valid:
Taking into consideration (3.1) and (3.2), from (2.1) and (2.4) we obtain Proposition 3.1. Let (M, ϕ, ξ, η, g) be a F 4 ⊕ F 5 -manifold. Then, the connections ∇ ′ defined by (2.1) and (2.4) are given by
η(x)ϕy,
The Yano-type connection (2.10) is obtained from (3.4) for λ = 0, µ = −1. Let us denote by R ′ the curvature tensor of
The corresponding tensor of type (0,4) with respect to g is defined by R ′ (x, y, z, u) = g(R ′ (x, y)z, u). Then, it is valid Proposition 3.2. Let (M, ϕ, ξ, η, g) be a F 0 4 ⊕ F 0 5 -manifold, and ∇ ′ be 2-parametric family of almost ϕ-connections defined by (3.4) . Then, the curvature tensor R ′ of an arbitrary connection in the family (3.4) is of ϕ-Kähler-type and has the form g(R ′ (x, y)z, u) = R(x, y, z, u) + (∇ x Q)(y, z, u) − (∇ y Q)(x, z, u)
+ Q(x, Q(y, z), u) − Q(y, Q(x, z), u).
Then, (3.5) follows from (3.7), (3.4), (3.3) and (3.6) by straightforward computation.
Let us remark that (3.5) is obtained in [4] for the curvature tensor of the canonical connection (2.8) on a F 0 4 ⊕ F 0 5 -manifold, i.e. the connection (3.4) for λ = µ = 0.
